Introduction {#Sec1}
============

Graphs or networks are a natural way to describe structural information. For example, users of Facebook and the acquaintance relations among them form a social network, the proteins together with interactions between them define a biological network, and web-pages and hyperlinks give rise to a huge web graph. Due to the rapid development of information technology, many such graphs become extremely large, and are constantly changing, which poses great challenges for analyzing their structures. Over the last decade, the data stream model \[[@CR34]\] has proven to be successful in dealing with *big data*. In this model, the algorithm should make only one pass (or a few passes) over the stream, and use sublinear working space. The time required to output the final answer and process each element is also important. There is a growing body of work studying graph problems over data streams. Graph streams were first considered by Henzinger et al. \[[@CR24]\], and later have been extensively studied in the *insertion-only* model (eg., \[[@CR17], [@CR18], [@CR34]\]), where there is no edge deletion in the stream. Recently, starting from the seminal works of Ahn, Guha and McGregor \[[@CR2], [@CR3]\], the interest has shifted to the *dynamic streaming model*, where the edges can be both inserted and deleted (see eg., \[[@CR1], [@CR5]--[@CR7], [@CR9], [@CR10], [@CR14], [@CR23], [@CR28], [@CR29], [@CR31], [@CR33]\]). In this setting, most algorithms designed are linear sketch-based, which is also an effective technique for processing distributed graphs. For more information about graph streaming algorithms see the recent survey by McGregor \[[@CR32]\].

For graph streams, both insertion-only and dynamic, the research in the past has mostly focused on the *semi-streaming model*, in which the algorithms are allowed to use $\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{O}}(n)$$\end{document}$ space, where *n* is the number vertices in the graph. (For notational convenience, we will use $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {poly}\log (g)$$\end{document}$ factors.) The reason behind this is that even in the insertion-only model, many natural graph problems require $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (n)$$\end{document}$ space (e.g., testing if the graph is connected \[[@CR18]\]). Note that the allowed space in semi-streaming model is sublinear in the input size as the number of edges of the graph might be as large as $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (n^2)$$\end{document}$. However, in many real applications (e.g., the input graph is already very sparse), an $\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{O}}(n)$$\end{document}$ space algorithm might be even worse than just storing all the edges. From this perspective, one may naturally ask the question *which kind of problems can be solved with even less space, i.e., o(n) space*.

To the best of our knowledge, very few results are known in this direction. Chitnis et al. \[[@CR10]\] and Fafianie and Kratsch \[[@CR16]\] introduced parameterized graph stream algorithms which may only use *o*(*n*) space with some promise of the size of the solution. This parameterized setting has been further investigated in \[[@CR9]\]. In addition, it has been shown that the size of the maximum matching can be approximated within constant factor in $\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{O}}(n^{4/5})$$\end{document}$ space for graphs with bounded arboricity \[[@CR7], [@CR9], [@CR15]\].

In this paper, we study two classes of graph problems that admit single-pass *o*(*n*) space algorithms in the dynamic streaming model. The first class contains the problems of estimating the number of connected components and the weight of the minimum spanning tree (MST). We show that one can estimate the number of connected components within an *additive* error of $\documentclass[12pt]{minimal}
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                \begin{document}$$(1+\varepsilon )$$\end{document}$-approximate the weight of the MST with *o*(*n*) space and post-processing time for connected graphs with bounded edge weights, which improves the best known algorithm with $\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{O}}(n)$$\end{document}$ space in the same setting given by Ahn et al. \[[@CR2]\]. It is worth noting that the problem of estimating the number of connected components within small *multiplicative* error requires $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (n)$$\end{document}$ space, as it is generally harder than the problem of (exactly) testing graph connectivity; and that estimating the weight of MST for graphs with arbitrarily large edge weights (e.g., $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (n)$$\end{document}$ space (see Theorem [10](#FPar25){ref-type="sec"}). Previously these two problems have been studied in the framework of *sublinear time algorithms* (see eg. \[[@CR8], [@CR40]\]).

The second class consists of problems that are relaxations of deciding graph properties. Given a huge graph, it is very useful to know whether the graph has some predetermined property, such as *k*-connectivity, bipartiteness, cycle-freeness and etc., which provide valuable information about the graph. However, besides the requirement of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (n)$$\end{document}$ space, exactly testing properties sometimes is too strong a requirement for analyzing highly dynamic graphs, since the answer may change in the next second due to an insertion or deletion of a single edge. In this paper, we initiate the study of *approximate graph property testing* in the dynamic streaming model: we want to test whether a graph satisfies some property or one has to modify a small constant fraction of edges to make it have the property. This notion of approximation is adapted from the framework of *property testing* \[[@CR21], [@CR22], [@CR36]\], and a large number of existing literatures have given efficient testing algorithms (called *testers*) for many properties under different query models (see surveys \[[@CR20], [@CR39]\]). We show that some fundamental properties can be tested in both *o*(*n*) space and post-processing time in the dynamic streaming model and we also present close lower bounds for these problems which hold even in the insertion-only model. We remark that McGregor \[[@CR32]\] also suggested to study the (approximate) property testers in graph streaming model, and asked whether more space-efficient algorithms exist for these problems, and we thus give an affirmative answer to this question.

Our Results {#Sec2}
-----------

Now we formally state our main results. Our results regarding estimating the number of connected components and the MST weight are as follows.*Estimating the Number of Connected Components* We present a dynamic streaming algorithm that estimates the number of connected components within additive error $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (n^{1-O(\varepsilon )})$$\end{document}$ for this problem follows from the work \[[@CR42]\].*Estimating the Weight of the Minimum Spanning Tree (MST)* In this problem, we want to estimate the weight of the MST of a connected graph with edge weights in the set $\documentclass[12pt]{minimal}
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                \begin{document}$$t\ge 1$$\end{document}$. By an argument in \[[@CR8]\], the result can be extended to non-integral weights, as long as the ratio between the largest and the smallest weight is bounded. A space lower bound of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Pi $$\end{document}$. This distance definition is adapted from \[[@CR36]\] and is most suitable for general graphs where neither edge density nor maximum degree is restricted. We call an algorithm a *(dynamic) streaming tester* for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Pi $$\end{document}$, if it makes a single-pass over a stream of edge insertions and deletions, with probability at least 2 / 3, accepts any graph satisfying $\documentclass[12pt]{minimal}
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We give sketch-based streaming testers for properties of being connected, *k*-edge connected, *k*-vertex connected, cycle-freeness and bipartite (for planar graphs). The performance of our testers are summarized in Table [1](#Tab1){ref-type="table"}. We stress that most of our testers have (asymptotically) the same post-processing time as the space they used except for testing *k*-edge connectivity when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge \varOmega (n^{\varepsilon /(1+\varepsilon )})$$\end{document}$ and *k*-vertex connectivity when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Our Techniques {#Sec3}
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To estimate the number of connected components with small additive error $\documentclass[12pt]{minimal}
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                \begin{document}$$1/p^{|C|}$$\end{document}$ to our final estimator, which is the reciprocal of the probability that *C* is entirely sampled out. Now the task is then to identify which subsets of *S* are connected components in the original graph. A trivial way is to check all subsets of *S*, which takes too much time. A more efficient way is to only check all the connected components in *G*\[*S*\], since a sampled component of *G* must also form a component in *G*\[*S*\]. We carefully use a set of linear sketches to do this. More specifically, we first recover all connected components in *G*\[*S*\] by invoking a sketch-based streaming algorithm given in \[[@CR2]\], which only needs space near-linear in \|*S*\|. Then we use (different) linear sketches to check if any of these components is indeed a connected component of the original graph. We remark that the first set of linear sketches of a vertex *v* sketch its neighborhood information in *G*\[*S*\], while the second set sketch its neighborhood information in *G*. Our *o*(*n*) space streaming algorithm for $\documentclass[12pt]{minimal}
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                \begin{document}$$(1+\varepsilon )$$\end{document}$-approximating the weight of MST follows via a connection between the number of connected components and the weight of MST established in \[[@CR8]\].

To give testers for some graph property $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$-far from being connected.) This implies that by sampling a sufficient large set of vertices, with high probability, one of such subgraphs will be entirely sampled. Checking which vertices form a witness of the original graph can then be done by using the aforementioned framework. Different sketches will be used for testing different properties.

To prove lower bounds for our studied problems, we give reductions from *Boolen Hidden Hypermatching (BHH)* problem that was studied in \[[@CR42]\]. Our reductions share similarity with the reduction in \[[@CR42]\] to the cycle-counting problem and the reductions in \[[@CR27], [@CR30]\] to the approximate max-cut problem.

Related Work {#Sec4}
------------

Ahn et al. \[[@CR2]\] initiated the study of graph sketches, and gave dynamic semi-streaming algorithms for computing a spanning forest (which can be used to count the exact number of connected components), and $\documentclass[12pt]{minimal}
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In the *random order* insertion-only model Kapralov et al. \[[@CR26]\] gave a one pass streaming algorithm that estimates the maximum matching size with polylogarithmic approximation ratio in polylogarithmic space. Although sublinear in *n*, the model considered is very different from ours.

Sublinear time algorithms for estimating the number of connected component and the weight of MST were first given by Chazelle et al. \[[@CR8]\]. Later these two problems have been further considered in geometric settings \[[@CR11], [@CR13], [@CR19]\]. In particular, Frahling et al. studied the problem of $\documentclass[12pt]{minimal}
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There has been a rich line of work on graph property testing in the query model (see surveys \[[@CR20], [@CR39]\]) and the goal there is to design fast algorithms that make as few queries as possible. The query models that are mostly related to ours are bounded degree model and general graph model. In particular, our definition of $\documentclass[12pt]{minimal}
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After having submitted the paper, we became aware that Hossein Jowhari \[[@CR25]\] has independently studied the problem of estimating the number of connected components and provided similar results as ours, while he did not consider the streaming property testers considered here. Furthermore, subsequent to our work, Peng and Sohler \[[@CR37]\] showed that in *random order* streams, approximating the number of connected components with additive error $\documentclass[12pt]{minimal}
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Preliminaries {#Sec5}
=============

Notations {#Sec6}
---------
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Linear Sketches {#Sec7}
---------------

Linear sketch (or sketch for short) is a powerful tool widely used in the streaming model and other areas. Given a large vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf x ,\mathbf y $$\end{document}$, and this additive property make it trivial to implement linear sketches in the dynamic streaming model. As in the previous works, we will use linear sketches as our main tool.

*AGM sketch* We will use a dynamic streaming algorithm for constructing a spanning forest of a graph by Ahn, Guha and McGregor \[[@CR2]\], which is summarized as follows.

### Theorem 1 {#FPar1}
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*AMS sketch* To check whether the input vector $\documentclass[12pt]{minimal}
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*Exactk*-*sparse recovery* We call a vector *k*-sparse if $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar2}
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Estimating the Number of Connected Components and MST Weight {#Sec8}
============================================================

In this section, we present and analyze our algorithms for estimating the number of the connected components in a graph and $\documentclass[12pt]{minimal}
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Estimating the Number of Connected Components {#Sec9}
---------------------------------------------

Our first observation is that, to estimate the number of connected components within additive error $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\varepsilon n)$$\end{document}$. Thus it will be sufficient to estimate the number of components of small size, for which we have the following theorem.

### Theorem 2 {#FPar3}
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By invoking Theorem [2](#FPar3){ref-type="sec"} with parameter $\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{O}}(e^{q+1}n^{1-\varepsilon +\varepsilon ^{q+1}})$$\end{document}$, and we have the following result.

### Theorem 3 {#FPar4}
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Approximating the Weight of Minimum Spanning Tree {#Sec10}
-------------------------------------------------

We use the previous algorithm on estimating the number of connected components to approximate the weight of a minimum spanning tree of a weighted graph. Let $\documentclass[12pt]{minimal}
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### Lemma 2 {#FPar6}
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For a connected graph with integer edge weights, the weight of any MST is at least $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar7}
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We remark that Ahn et al. \[[@CR2]\] have given a dynamic streaming algorithm for this problem for any graph with maximum edge weight upper bounded by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(\mathrm {poly}(n))$$\end{document}$, and their algorithm uses space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(n\cdot \mathrm {poly}\log n)$$\end{document}$. Our algorithm uses *o*(*n*) space for any connected graph with maximum edge weight bounded by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$o(\log n)$$\end{document}$ (for constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$), which improves the algorithm of \[[@CR2]\] in this setting. We also note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega (n)$$\end{document}$ space is necessary for estimating the weight of MST for graphs with maximum edge weight at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c\log n$$\end{document}$ for constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$ and some large universal constant *c* (see Theorem [10](#FPar25){ref-type="sec"}). Finally, we remark that the algorithm can also be extended to the setting where non-integral weights are allowed (see \[[@CR8]\] for more details).

Dynamic Streaming Testers {#Sec11}
=========================

In this section, we give our streaming testers for a number of graph properties, including *k*-edge connectivity, *k*-vertex connectivity, cycle-freeness, planar graph bipartiteness, and Eulerianity.

Testing *k*-Edge Connectivity {#Sec12}
-----------------------------

A graph is *k*-edge connected if the minimum cut of the graph has size at least *k*. We start from the simplest case, i.e., $\documentclass[12pt]{minimal}
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### Connectivity {#Sec13}
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#### Theorem 5 {#FPar8}

There exists a dynamic streaming tester for 1-edge connectivity that runs in $\documentclass[12pt]{minimal}
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#### Proof {#FPar9}

First observe that one can simply reject the input graph if $\documentclass[12pt]{minimal}
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For the correctness of the algorithm, we condition on the event that the number of sampled vertices is at most 16*np*, which occurs with probability at least $\documentclass[12pt]{minimal}
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If *G* is connected, then it will always be accepted, since for each $\documentclass[12pt]{minimal}
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By using a slightly more involved argument and replacing AMS sketches with $\documentclass[12pt]{minimal}
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#### Theorem 6 {#FPar10}
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In order to prove Theorem [6](#FPar10){ref-type="sec"}, we will use the following result by Orenstein and Ron \[[@CR35]\], who have given, for any $\documentclass[12pt]{minimal}
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#### Lemma 3 {#FPar11}

(Corollary 14 and Claim 16 in \[[@CR35]\]) If *G* is $\documentclass[12pt]{minimal}
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Now we present the proof of Theorem [6](#FPar10){ref-type="sec"}.

#### Proof of Theorem 6 {#FPar12}
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For the correctness of the algorithm, we first note that if *G* is *k*-edge connected, then *G* will be accepted as long as there is no error happening when querying the *k*-sparse recovery sketches. This happens with probability $\documentclass[12pt]{minimal}
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We remark that the problem can still be solved in space $\documentclass[12pt]{minimal}
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*k*-Vertex Connectivity {#Sec15}
-----------------------

A graph is *k*-vertex connected if the minimum vertex cut of the graph has size at least *k*, i.e. it remains connected whenever fewer than *k* vertices are removed. The following lemma on the structure of graphs that are $\documentclass[12pt]{minimal}
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### Lemma 5 {#FPar15}
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### Proof {#FPar16}

(sketch) In Corollary 19 in \[[@CR35]\], it is proven that for any directed graph *G* that is $\documentclass[12pt]{minimal}
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Now we use the above lemma to show our *k*-vertex connectivity tester.

### Theorem 7 {#FPar17}
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Testing Cycle-Freeness {#Sec16}
----------------------

Now we consider the problem of testing cycle-freeness, which is equivalent to testing if the graph is a forest. Let $\documentclass[12pt]{minimal}
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### Theorem 8 {#FPar19}

There exists a single-pass dynamic streaming algorithm that tests cycle-freeness of a graph with space and post-processing time $\documentclass[12pt]{minimal}
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If the original graph *G* is cycle-free, then the number of connected components of *G* equals $\documentclass[12pt]{minimal}
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Testing Bipartiteness of the Planar Graphs {#Sec17}
------------------------------------------

Now we consider the problem of testing if a planar graph is bipartite or $\documentclass[12pt]{minimal}
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### Lemma 6 {#FPar21}

\[[@CR12]\]  For any (simple) planar graph *G* that is $\documentclass[12pt]{minimal}
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By the above lemma, we only need to sample each *edge* independently with some probability (rather than vertices as we did before) of the graph so that with high probability the resulting sampled graph contains at least one short odd-length cycle. The edge-sampling process can be done by using hash functions (see e.g. \[[@CR3]\]). Similar to our previous analysis, it will be sufficient to set the sample probability to $\documentclass[12pt]{minimal}
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Testing Eulerianity {#Sec18}
-------------------

Note that the algorithm for connectivity testing can be directly used to testing Eulerianity. A graph *G* is Eulerian if there is a path in the graph that traverses each edge exactly once, or equivalently, if *G* is connected and the degrees of all vertices are even or exactly two vertices have odd degrees. Note that if graph *G* is $\documentclass[12pt]{minimal}
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Lower Bounds {#Sec19}
============

In this section we present lower bounds, which hold in the insertion-only model. Our proofs are based on the reductions to the *Boolean Hidden Hypermatching (BHH)* problem (See \[[@CR42]\]), which are in the same spirit as the lower bound proof for the *Cycle Counting* problem in \[[@CR42]\]. We first give the definition of the boolean hidden hypermatching problem.

Definition 1 {#FPar22}
------------

($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {BHH}_n^t$$\end{document}$) In the this problem, Alice gets a boolean vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in \{0,1\}^n$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=2kt$$\end{document}$ for some integer *k*. Bob gets a partition (or hypermatching) of the set \[*n*\], $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{m_1,\cdots ,m_{n/t}\}$$\end{document}$, where the size of each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_i$$\end{document}$ is *t*, and a vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w\in \{0,1\}^{n/t}$$\end{document}$. For convenience, we will also use the corresponding *n*-dimensional boolean indicator vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_i$$\end{document}$ to represent $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_i$$\end{document}$, and let *M* be a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n/t\times n$$\end{document}$ matrix, the *i* row of which is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_i$$\end{document}$. The promise of the input is either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Mx+w=\mathbf 1 $$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Mx+w=\mathbf 0 $$\end{document}$, where all the operations are modulo 2. The goal of the problem is to output 1 when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Mx+w=\mathbf 1 $$\end{document}$, and output 0 otherwise.

We have the following lower bound from \[[@CR42]\].

Theorem 9 {#FPar23}
---------
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Our lower bounds will be built upon the following basic construction.

*Construction ofG*(*x*, *M*). Given vector *x* and matrix *M* respectively, Alice and Bob construct a bipartite graph $\documentclass[12pt]{minimal}
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Minimum Spanning Tree {#Sec20}
---------------------

### Theorem 10 {#FPar25}
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Testing Connectivity {#Sec21}
--------------------

### Theorem 11 {#FPar27}
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Testing Cycle-Freeness {#Sec22}
----------------------
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### Theorem 12 {#FPar29}

In the insertion-only model, any algorithm that can distinguish whether a graph of 4*n* vertices is cycle-free or 1 / 8*t*-far from being cycle-free, must use $\documentclass[12pt]{minimal}
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Testing Bipartiteness of Planar Graphs {#Sec23}
--------------------------------------

Alice and Bob first construct the graph *G*(*x*, *M*). Next, for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in [n/t]$$\end{document}$, Bob adds edges $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v_{2m_{i,1}-1}, \xi _1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v_{2m_{i,1}}, \xi _2)$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _1,\xi _2$$\end{document}$ are new vertices. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in [n/t]$$\end{document}$, Bob also adds $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(u_{2m_{i,t}-1},\xi _1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(u_{2m_{i,t}},\xi _2)$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i=0$$\end{document}$; adds $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(u_{2m_{i,t}-1},\xi _2)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(u_{2m_{i,t}},\xi _1)$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i=1$$\end{document}$. For this problem we assume *t* is odd. So by similar arguments, we can easily verify that, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Mx+w=\mathbf 0 $$\end{document}$, the graph contains 2*n* / *t* edge-disjoint cycles of length $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2t+1$$\end{document}$, and if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Mx+w=\mathbf 1 $$\end{document}$, the graph has no odd cycle, and thus bipartite. The graph constructed is planar and has $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$4n+2$$\end{document}$ vertices and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$8n+4n/t$$\end{document}$ edges, so we have the following lower bound for testing bipartiteness.

### Theorem 13 {#FPar30}

In the insertion-only model, any algorithm that can distinguish whether a planar graph of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon m$$\end{document}$ edges as in our definition, that has to be deleted to obtain a bipartite graph. However, Lemma [6](#FPar21){ref-type="sec"} directly follows from their proof.
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